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NOW

13 Gyr ago

?



Old and simple 
stellar systems

- homogenous chemical composition
- spherical
- non-rotating
- isotropic

This is not true! 
+ 

formation* is unknown
Exploit GCs complexity to unveil 

their formation

* I don’t claim I have an answer to the formation problem 

Galactic globular clusters



The “Zoo”
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Figure 11. E↵ective radius Re vs absolute V-band magnitude MV for dynamically hot stellar systems from our master compilation.
Blue stars are our observations and are filled where we have successfully measured the velocity dispersion of the object. M32 is indicated
by its own symbol and labelled. It is clear that the group of six (including one literature Coma cE) non-YMC objects with MV < –14
and Re < 100pc lie o↵set significantly from the more massive previously known UCDs such as Virgo-UCD7 and Fornax-UCD3, which
are smaller than M32.

are tidally stripped from the simulations of Pfe↵er & Baum-
gardt (2013). The simulations are numbers 3 (brown) and 17
(orange) from Pfe↵er & Baumgardt (2013). They are both
of dE,N galaxies on elliptic orbits with apocenter of 50 kpc
and pericenter of 10 kpc around a cluster centre which has
properties chosen to match M87 in the Virgo cluster. Simu-
lation 3 originally has a nucleus with Re = 4 pc and MV =
–10, Simulation 17 initially has a nucleus with Re = 10 pc
and MV = –12. Both are simulated for a total of 4.2 Gyr.
We use these simulations to stand in for simulations of any

nucleated dwarf galaxies undergoing stripping, as at present
very few simulations of the stripping of later type dwarfs
have been carried out, but we expect that the stripping of
other dwarf galaxy types should produce reasonably simi-
lar results. The simulations of Pfe↵er & Baumgardt (2013)
demonstrate that the remnants of the stripping of dE,Ns can
resemble almost all massive GCs and UCDs, even the most
extended (Re ⇠ 100pc) and massive (M ⇠ 108 M�) UCDs
such as Fornax-UCD3, Virgo-UCD7, and Perseus-UCD13.
However, it is also clear that these simulations cannot re-
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dwarf galaxies

globular clusters
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Dwarf galaxies vs. GCs



Bellini et al 2010

omega Cen

Dwarf galaxies vs. GCs

Omega Cen - a stripped dwarf?

• complex chemistry (iron spread)                      
(Johnson & Pilachowski 2010)

• complex internal dynamics          
(van de Ven et al. 2006)

• central massive black hole?       
(Anderson & van der Marel 2010, Noyola et al. 2010, 
Zocchi et al. 2017)



“Normal” GCs

Milone et al. (2016)

Figure 10. In the chromosome map of NGC5286, shown in panel (a) only
stars from the blue-RGB are used, i.e., those colored black in Figure 13c.
Aqua and magenta colors highlight 1G and 2G stars, respectively, with stars
also studied spectroscopically are represented by large filled symbols and
whose [Na/Fe] vs. [O/Fe] plot from Marino et al. (2015) is shown in panel
(b). Finally, in panel (c) the red-RGB stars are colored either aqua or red
for being considered the first or the second generation (1G,r and 2G,r) of
the iron-rich population, while panel (d) shows the corresponding [Na/Fe]
vs. [O/Fe] from Marino et al. (2015).

Figure 11. Upper panel: the mF336W vs. mF336W − mF814W CMD of
NGC1851 with red-RGB stars colored red. The inset shows a zoomed-in
view around the SGB. Lower panels: mF438W vs.mF438W − mF814W (left),
mF606W vs.mF606W − mF814W (middle) and mF275W vs.mF275W − mF814W
(right) CMDs around the SGB. The sample of faint SGB stars selected from
the CMD in the insert of the upper-panel are colored red in these panels.

Figure 12. As in Figure 11 but for NGC6656.

Figure 13. As in Figure 11 but for NGC5286.

studied in this paper. Additional ages for six other GCs were de-
rived by Aaron Dotter by using the same method and are published
in Milone et al. (2014).

The most recent age compilation comes from Vandenberg et
al. (2013) and is based on an improved version of the classical ‘ver-
tical method’, i.e. the luminosity difference between the zero-age
HB and the main sequence turnoff. These authors have compared
Victoria-Regina isochrones with GO-10775 photometry to derive
the ages for 51 of the GCs that we have analyzed in this paper.

When comparing two variables, we estimate the statistical cor-
relation between the two by using the Spearman’s rank correlation
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Multiple stellar populations: variations in the light elements abundances  
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Laevens1/Crater

(3) Unveiling the build-up of the Milky Way. The simulations described in point (1), carefully matched to 
the observations, as described in point (2), will allow us to robustly determine the accreted origin of a GC. 
The objects suitable as test-case are those systems suspected from chemical consideration to be 
accreted and for which large data sets are currently available (e.g. Omega Cen, M54). Finally, our analysis 
will automatically provide constraints on the properties (e.g. size, mass) of the stripped dwarf galaxies in 
which the accreted clusters originated, that can be used to directly assess which satellites took part in 
building up the Milky Way through accretion events.

CHOICE OF HOST INSTITUTION
The proposed project will be carried out at the University of Surrey, Guildford, under the supervision of 
Prof. Mark Gieles, who is a world expert in the field of globular clusters and direct N-body simulations, and  
have introduced me to this modelling technique during the International Summer Institute for Modeling in 
Astrophysics (ISIMA) in Toronto (Summer 2014). Moreover, the Astrophysics group at the University of 
Surrey is the ideal environment for fruitful and stimulating collaborations in the field of globular clusters 
formation and evolution (Dr. A. Zocchi, Dr. V. Henault-Brunet, Dr. F. Renaud) in the broader perspective of 
galaxy formation and stellar dynamics (Prof. J. Read, Dr. O. Agertz, Dr. A. Gualandris, Dr. M. Collins).
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NUCLEAR STAR CLUSTERS Figure  1. Luminosity vs. size of low-
luminosity stellar systems. The y-axis 
represents the luminosity of these systems 
in V-band magnitudes, Mv, while the x-axis 
their characteristic size Rh (half-light 
radius) in parsecs. The black dots indicate 
objects defined as globular clusters, while 
the grey points those defined as dwarf 
galaxies. The blue squares represent 
nuclear star clusters, found in the centres 
of galaxies. A clear overlap between the 
most massive globular clusters and 
nuclear stars clusters is visible, as well as 
a population of objects in the intermediate 
region between clusters and dwarf 
galaxies, between 10 and 100 parsecs. 
The red triangles indicate the clusters that 
are suspected to be stripped nuclei of 
dwarf  galaxies (Omega Cen, M54, NGC 
2419), due to their size, luminosity and 
chemical properties. Data from [10].
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PAndAS Team (A. McConnachie, N. Martin, et al.)

Accreted origin of GCs?



the properties of the potential progenitor galaxy, we are able to
draw an evolutionary line in size/luminosity parameter space
between the original parent galaxy and the stripped cluster. In
Section 2, we explain our imaging analysis and results, and in
Section 3, we do the same for our spectroscopy. We discuss our
results in Section 4.

NGC 3627 has a Cepheid distance measurement of 10.6 Mpc
(Kanbur et al. 2003). We adopt this value for NGC 3628 and
include an approximate distance uncertainty of ±1Mpc on
distance-dependent properties, given the potential offset of
NGC 3628 from NGC 3627.

2. IMAGING

2.1. Data Reduction

We imaged NGC 3628 in the r-band for 425 s on 2009 April
20 with the Subaru/Suprime-Cam wide-field camera UCD1, a
marginally resolved source in the center of plume just east of
NGC 3628, was first noticed in this pointing. We subsequently
acquired imaging centered on UCD1 in the i-band on 2014
March 3 (425 s exposure time) and in the g-band on 2014
December 19 (1225 s exposure time). Seeing was ∼0 80,

∼0 70, and ∼0 75 in g, r, i, respectively. We employed a
modified version of the SDFRED-2 pipeline7 to reduce our
Suprime-Cam data. AB zero points were calculated by
comparing photometry for bright, unsaturated stars in both
the SDSS catalog and the Suprime-Cam imaging. We used the
Schlafly & Finkbeiner (2011) values from NED to correct for
Galactic extinction.

2.2. Photometry and Size of UCD1

We performed aperture photometry of UCD1 using an
aperture roughly twice the size of the FWHM for each image,
chosen to maximize the S/N. Aperture corrections were
measured using several bright, unsaturated stars in the field.
Uncertainties in aperture corrections were 0.04 mag in g and
0.03 mag in r and i. Choice of sky subtraction annulus
introduced systematic uncertainties of 0.03 in all filters, with no
effect on color. Our photometry is listed in Table 1. At our
assumed distance, the luminosity of UCD1 is

� o qL 1.4 0.2 10i
6( ) :L with the uncertainty dominated

by the distance. The color measured for UCD1 is dependent on
the aperture selected. When an aperture equal to the FWHM is
used, the color is g−i = 0.86, which is comparable to
g−i = 0.91 inferred from the stellar populations in the ESI
spectrum (see Section 3). Note that the seeing FWHM in our
imaging is roughly comparable to the width of the ESI slit
used. Using the max S/N aperture results in bluer colors
(g−i= 0.69). This effect may be due to contamination by the
stream or could be caused by some gradient intrinsic to UCD1.
Robust determination of UCD1ʼs color will require more
sophisticated stream/source decomposition. Given the varying
quality of our ground-based images, our current data set is not
well suited to this task.
UCD1 is marginally resolved in our imaging; we used ishape

(Larsen 1999) to measure Rh, exploring Sérsic and King profile
fits. ishape convolves a model light profile with an empirical
PSF and fits it to the source. We measured the PSF from bright,
unsaturated stars in the FOV. Both Sérsic and King profiles
feature a parameter to describe the shape of the profile. When
left completely free, the resulting fits featured unphysical
values for shape parameters. However, we found that varying
these parameters over a reasonable range changed Rh at roughly
the 20% level.
Across all filters, a model+PSF was always a better fit than

the PSF-only model. As the r-band imaging features the best
seeing, we adopt our r-band fits for UCD1ʼs fiducial Rh. In

Figure 1. Smoothed image of the stellar stream next to NGC 3628 from our i-band Subaru/Suprime-Cam imaging. The leftmost edge of NGC 3628 is visible at the far
right of the image. We highlight the location of UCD1 in zoom-in panels. North is up, and east is left. The limiting surface brightness in the large image is roughly μi
∼ 28.5 mag arcsec−2. The stretch is modified in each image. Angular sizes are approximately 26 × 10, 4.5 × 1.5, and 0.9 × 0.4 arcmin from the largest to smallest
scale.

Figure 2. Keck/ESI and LBT/MODS spectra of UCD1. ESI data are shown in
dark blue, while MODS data are shown in dark green. Light blue and light
green represent model fits to both spectra. Residuals are shown at the bottom.
The MODS scale is offset from the ESI scale.

7 http://subarutelescope.org/Observing/Instruments/SCam/sdfred/sdfred2.
html.en
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Accreted origin of GCs?

Omega Centauri-like object in stellar stream of NGC3628

Jennings et al. 2015
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In-situ GCs 

• GCs in disk-like orbits, 
consistent with age-metallicity 
of MW disk 

Accreted GCs 

• 2/3 of GCs in halo-like orbits
• accreted as part of disrupted 

dwarf host galaxies

Accreted origin of GCs?



The problem of GC formation
GCs today are the result of 13 Gyr long evolution

stellar evolution
internal dynamical evolution
interaction with host galaxy’s tidal filed
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Traditional line-of-sight velocities 
from spectroscopy:
  - bright (massive) stars only 
  - 100-1000 data per GCs

HST proper motions:
  - both faint and bright stars
  - 100,000 per GCs
  - 2D-velocity information

HSTPROMO collaboration
(Bellini et al. 2014, Watkins+2015a,b)

+ Gaia proper motions and Line-of-
sight for bright stars soon!

• kinematics provide a long lasting fossil record of formation

• revolutionary kinematic data are NOW available:

Strategy: internal kinematics
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HST Proper Motions (HSTPROMO collaboration)

Bellini,  Anderson, van der Marel, Watkins, King, Bianchini et al. 2014

NGC 7078/M15

Kinematic observations



Unveiling the complexity 
in the kinematics

1. Energy equipartition

2. Evolution of the mass-to-light ratio

3. Velocity anisotropy & tidal field 



1. Energy equipartition
• GCs are OLD:  >10 Gyr of dynamical evolution

• effect of 2-body interactions: energy exchange 
between stars

high-mass stars (up to ~0.9 M⦿)

low-mass stars



• GCs are OLD:  >10 Gyr of dynamical evolution

• effect of 2-body interactions: energy exchange 
between stars

• partial energy equipartition 
(e.g., Spitzer 1969,  Vishniac 1978, … Trenti & van der Marel 2013)
see Spera et al. 2016 for open clusters 

mass-dependent kinematics 

(Effect mostly neglected!)
See however recent modelling effort:
Gieles & Zocchi 2015, de Vita et al. 2016, Peuten et al. 2017

miσi2=mjσj2

σ∝m-0.5

1. Energy equipartition



HST Proper Motions (HSTPROMO collaboration)

NGC 7078/M15

Kinematic observations
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Bellini,  Anderson, van der Marel, Watkins, King, Bianchini et al. 2014



• combination of line-of-sight velocities + proper motions

e.g. , VLT/MUSE data

Kamann et al. 2016

A&A proofs: manuscript no. aa_2015_27065

Fig. 7. Analysis of the mass-dependent kinematics of NGC 6397. (a) The red histogram shows the distribution of stellar masses in the MUSE
sample. The median measurement uncertainties of the stellar velocities as a function of mass are shown as blue crosses. (b) The velocity dispersion
profile as a function of stellar mass. The mass range of each bin is shown in the legend. In contrast to (a), only stars with a measurement uncertainty
< 5 km s�1 were included in this comparison.

6.2. Rotation

In order to check if we detected any significant rotation in
NGC 6397, we used the same Voronoi bins as in Sect. 6.1 and
determined the median velocity in each bin. The result of this
calculation is shown in Fig. 6a. We detected no strong rotational
signal in NGC 6397, but there is a trend towards lower velocities
in the eastern region of the observed footprint compared to the
western region with a di↵erence of about 1km s�1. This would
hint of a weak rotational component around an axis that is ap-
proximately aligned in the north-south direction. In addition, we
also observe that the median velocities seem to be lower near
the cluster centre than in the outskirts of the observed footprint.
However, just as the amplitude of the potential rotation curve,
the strength of this feature is comparable to the expected resid-
uals of the wavelength calibration (cf. Sect. 4.1). Therefore, the
significance is hard to quantify. We checked the influence of the
bin size by varying N between 50 and 200. This did not change
the overall appearance shown in Fig. 6a.

Based on an analysis of the integrated light, Gebhardt et al.
(1995) found the core of NGC 6397 to be weakly rotating with
a projected amplitude ⇠2km s�1. On the other hand, when look-
ing at individual stars no significant rotational component was
found. Still, weak rotations seem to be common in globular clus-
ters. This is suggested by the study of Fabricius et al. (2014),
who reported rotational signatures to be ubiquitous in the eleven
(northern) clusters they analysed. The signals detected by Fabri-
cius et al. show gradients of ⇠1km s�1/arcmin, comparable to
what is suggested by our analysis of NGC 6397. We conclude
that if NGC 6397 is rotating at all, the rotational component is
very weak and that the velocity dispersion is clearly the domi-
nant contribution to the second order velocity moment. Hence,
we neglect rotations in the following discussion of Jeans mod-
elling and refer to the second order velocity moment simply as
velocity dispersion �r.

6.3. Jeans modelling

Jeans modelling is a widely used method to infer cluster proper-
ties from photometric and kinematical data. In the spherical case,

which is appropriate to NGC 6397 since we did not find strong
signs of rotation in our analysis of Sect. 6.2, the Jeans equation
is written as (e.g. Binney & Tremaine 2008)

d(⌫v2
r )

dr
+

2� ⌫v2
r

r
= �⌫d�

dr
. (3)

It relates the gravitational potential� of the cluster to the second
order central velocity moment v2

r , weighted by the luminosity
density ⌫. The parameter � = 1 � v2

✓/v
2
r measures the anisotropy

of the velocity distribution inside the cluster.
A common approach is to start from the surface brightness

profile of the cluster and obtain its luminosity density via de-
projection of the measured profile. Under the assumption of a
given mass-to-light ratio (M/L), we can obtain an estimate of the
gravitational potential of the cluster. The contribution of a central
black hole or a population of dark stellar remnants may be added
to this potential. The Jeans equation relates the gravitational po-
tential to the second order moments of the velocity distribution
of the cluster stars. In practice, the second order moments are
predicted for a range of cluster parameters, such as M/L or the
black hole mass, and the model that best matches the data is in-
ferred by means of a �2 or maximum-likelihood test. For our
analysis of NGC 6397 we used the JAM modelling code of Cap-
pellari (2008). This code requires the surface brightness profile
of the cluster to be parametrised as a multi-Gaussian expansion,
which is what we did in Sect. 3.

To compare the model predictions of the velocity dispersion
to our measurements, we used the same maximum-likelihood ap-
proach as in Gerssen et al. (2002) and Kamann et al. (2014). This
approach has the advantage that it does not require any binning
of the data. Instead, for each star i one measures the probability
of drawing its radial velocity, vi, from the predicted velocity dis-
tribution at radius ri. The likelihood L of a model given the data
is then calculated as the product of the probabilities of all stars.
It can be shown that for large data sets, the quantity � = �2 lnL
follows a �2 distribution. The implication of this for our data
analysis is twofold.

1. We consider a model as a statistically valid representation
of our data if the deviation between its � value and the ex-

Article number, page 8 of 12

NGC 6397

Ve
lo

ci
ty

 d
is

pe
rs

io
n 

(k
m

/s
)

Kinematic observations



Goals

Bianchini et al. 2016
Bianchini et al. 2017
(see also Webb & Vesperini 2017)

(1)  - Describe the mass-dependence of kinematics σ(m)  

       - Applicability to both observations and simulations

       - Quantify the degree of partial energy equipartition

(2) How does equipartition relate to GCs properties?



Simulations
• Monte Carlo cluster simulations 

(Downing et al. 2010) in isolation

• N=500,000 and 2,000,000 particles

• 10% and 50% initial binary fraction

• concentration C=1.00-2.00

• snapshots at 4, 7, 11 Gyr

σ(m) profiles:
• Projected profiles within the half-light 

radius

m

σ



Fitting function

full
energy equipartition

σ∝m-0.5

Trenti & van der Marel 2013

σ∝m-η 

η<0.5

A single power-law does not 
satisfactory explain the σ(m)

3276 M. Trenti and R. van der Marel

Figure 1. Velocity dispersion σ as a function of particle mass m around time
t = 5.1trh(0) for particles at the centre of the system (two-dimensional pro-
jected radius r < 0.78rc) in our canonical N-body simulation (the N = 65536
run with W0 = 5, a Miller & Scalo (1979) IMF, and no primordial binaries).
The red points with error bars are for single main-sequence stars, while the
blue points are for compact remnants. Lines show the best-fitting power-
law relation σ (m) ∝ m−η for each set of objects, with η = 0.14 for single
main-sequence stars and η = 0.34 for compact remnants.

Figure 2. Mass function for the particles of an N-body run (including, e.g.,
our canonical simulation) starting from a Miller & Scalo 1979 IMF, evolved
to a turn-off mass of 0.8 M⊙. The red histogram represents main-sequence
stars, and the blue one compact remnants. Approximate power-law fits are
shown as dashed curves, which have slopes m−1.2 and m−5.3, respectively.
Since the mass function for remnants is much steeper, it is easier for them
to approach energy equipartition (see Fig. 1).

due to the significant mass loss experienced by massive stars before
they become remnants, and is relatively insensitive to the adopted
IMF. The generic shape of σ (m) in Fig. 1 is therefore typical for all
our simulations.

The relation σ (m) in Fig. 1 shows what appears to be a break
centred around m ≈ 0.7 M⊙, with some additional curvature to-
wards lower masses. Fig. 2 shows that m ≈ 0.7 M⊙ is also the mass
at which the density of main-sequence stars is equal to the density
of the remnants, so this might provide some clues to the origin of
the break.3 The Vishniac (1978) analysis suggests that more energy
equipartition is possible for a sub-population within a given mass
range, when the lighter counterparts are much more abundant. So
thermalization is more likely for objects above 0.7 M⊙, as there are
plenty of lower mass particles along a steep mass function (m−5.3).
By contrast, the lowest mass remnants and the main-sequence stars
below 0.7 M⊙ are less able to thermalize efficiently, because the
mass function is only increasing mildly (m−1.2). In conclusion, this
might explain the break in Fig. 1.

Fig. 1 shows that the σ (m) relations for single main-sequence
stars and compact remnants separately are both reasonably well
fit by a power law of the form σ (m) ∝ m−η. The compact rem-
nants are only of theoretical interest as they are not directly ob-
servable. In the following, we therefore focus our attention only on
the main-sequence stars, which can be observed. Using the σ (m, r,
t) profiles constructed as described in Section 2.3, we fit for each
radial Lagrangian bin r and at each time t the mass-dependent kine-
matics assuming a power law σ (m) ∝ m−η over the mass range
0.2 ≤ m/M⊙ ≤ 0.7. Here η is a free parameter, with η = 0 corre-
sponding to absence of equipartition (velocity dispersion indepen-
dent of mass), 0 < η < 0.5 corresponding to partial equipartition
and η = 0.5 corresponding to complete equipartition. The quantity
η is a well-defined fit-parameter that can be compared across mod-
els, even when the σ (m) relation shows some residual curvature, as
e.g. in Fig. 1.

3.1.2 Radial and time dependence of equipartition

The degree of energy equipartition as a function of time, η(t), is
shown for different Lagrangian radii in the canonical simulation
in Fig. 3. At t = 0, the system starts (by construction) with no
equipartition at all. As time progresses, there is a relatively rapid
linear rise in η(t) for the inner Lagrangian radii. This is followed by a
flattening towards a maximum value around η ≈ 0.15 that is reached
after a few initial half-mass relaxation times. Subsequently, the
value of η drops slowly.4 For the outer Lagrangian radii, the value of
η(t) evolves on a longer time-scale, reflecting the longer relaxation
time in the outskirts of the system. For all radii there is convergence
to a value around η ≈ 0.10 at late times. However, because of the
slower development of equipartition, the outer regions do not first
‘overshoot’ this value by reaching a maximum at early times, as
seen for the inner Lagrangian radii.

3 This is obtained considering all particles in the system. In general the
distributions change with radius because main-sequence stars and remnants
have different mass-segregation profiles. However, the intersection point of
the two curves does not depend on radius, since by definition particles at the
intersection point of the two curves have the same mass in both samples,
and hence the same mass segregation profile.
4 This drop in η is likely due to the formation of binaries in the core. These
provide heating that acts to reduce mass segregation and the approach to
equipartition.
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3.1 Exponential fitting function

We propose a simple exponential function, suitable for the
entire stellar mass range sampled, and able to reproduce
both the flat behaviour in the limit of low stellar masses
and the steepening towards higher masses. A physical justi-
fication of the asymptotic limits required for the functions is
described in the Appendix. The function is characterized by
one mass scale parameter meq and a velocity scale parameter
�0:

�(m) =

8
<

:
�0 exp

⇣
� 1

2
m

meq

⌘
if m  meq,

�eq

⇣
m

meq

⌘�1/2
if m > meq.

(3)

�0 indicates the value of velocity dispersion at m = 0,
�eq corresponds to the value of velocity dispersion at meq

(�eq = �0 exp
�� 1

2

�
) and meq quantifies the level of partial

energy equipartition reached by the systems. For m > meq

the system is characterized by constant full energy equipar-
tition (� / m�1/2).

In accordance with the used power-law assumption
(� / m�⌘; Trenti & van der Marel 2013), the slope of
our function is

⌘(m) = � d ln�

d lnm
=

⇢ 1
2

m
meq

if m  meq,
1
2 if m > meq.

(4)

The truncation of the exponential function for m > meq

was introduced in Eq. 3 in order to avoid values of the slope
⌘ > 1/2, that would otherwise unphysically exceed energy
equipartition.

The mass parameter meq will be used to quantify the
degree of equipartition throughout our work: a system has
reached equipartition in the stellar mass regime m>⇠meq.
Systems characterized by lower values of meq are thus closer
to full energy equipartition.

3.2 Application to the simulations

We apply Eq. 3 to our set of simulations and quantify,
through the parameter meq, the degree of partial equiparti-
tion reached by the systems. We perform two fits: one using
all stars in the mass range 0.1 � 1.8 M� (excluding white
dwarfs, as explained in Sect. 2.2) and one restricting to only
observable stars in the mass range 0.4 � 1.0 M� (i.e., we
exclude all stellar remnants) in order to match the typical
observations.4

The fit to all the stars is performed to the binned profiles
(described in Sect. 2.1) and will be used to demonstrate the
performance of our fitting function. In the case restricted
to observable stars only, we use a discrete fitting approach,
which will result particularly convenient and flexible for an
application to real data, where errors or additional sources

4 Kinematic observations are now able to sample both bright
(massive) stars and lower-mass stars along the main sequence. In
particular, spectroscopic line-of-sight measurements observe gi-
ant stars with masses 0.8 � 0.9 M� (for ⇠ 10 Gyr clusters) and
proper motions provide the additional kinematic information for
less massive main sequence stars, down to ⇡ 0.4 M� (Bellini et al.
2014; Watkins et al. 2015a,b).

Figure 4. Fit to the projected velocity dispersion as a function
of stellar mass for the 4, 7, 11 Gyr snapshots of all our simula-
tions. See Fig. 3 for details on the fit. The simulations are color
coded according to their concentration (orange scale) with the
exception of simulation 7 (blue dots), the only simulation with
an initial number of particles of 2,000,000. The horizontal line
intersects the fitting function at m = meq. The simple exponen-
tial function fits well all our simulations in the entire mass range
sampled. Minor deviations are observed exclusively in the high-
mass regime of the most concentrated cluster model, which is
likely about to reach the condition of core collapse (see bottom
panel, c=2.06). Given a time snapshot, more concentrated clus-
ters display a steeper velocity dispersion � mass profile. Older
snapshots have also steeper relation than younger ones, reflecting
the dynamical evolution of the clusters.
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3.1 Exponential fitting function

We propose a simple exponential function, suitable for the
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both the flat behaviour in the limit of low stellar masses
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degree of equipartition throughout our work: a system has
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Systems characterized by lower values of meq are thus closer
to full energy equipartition.

3.2 Application to the simulations

We apply Eq. 3 to our set of simulations and quantify,
through the parameter meq, the degree of partial equiparti-
tion reached by the systems. We perform two fits: one using
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dwarfs, as explained in Sect. 2.2) and one restricting to only
observable stars in the mass range 0.4 � 1.0 M� (i.e., we
exclude all stellar remnants) in order to match the typical
observations.4

The fit to all the stars is performed to the binned profiles
(described in Sect. 2.1) and will be used to demonstrate the
performance of our fitting function. In the case restricted
to observable stars only, we use a discrete fitting approach,
which will result particularly convenient and flexible for an
application to real data, where errors or additional sources
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(massive) stars and lower-mass stars along the main sequence. In
particular, spectroscopic line-of-sight measurements observe gi-
ant stars with masses 0.8 � 0.9 M� (for ⇠ 10 Gyr clusters) and
proper motions provide the additional kinematic information for
less massive main sequence stars, down to ⇡ 0.4 M� (Bellini et al.
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of stellar mass for the 4, 7, 11 Gyr snapshots of all our simula-
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Application to simulations
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(2) How does equipartition relate to GCs properties?
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measuring meq, we can estimate the dynamical state of a cluster

predict the mass-dependence of kinematics (meq): e.g., predict the kinematics for 
non-measurable low-mass stars, stellar remnants, binary stars (Bianchini et al. 
2016), blue straggler stars (Baldwin et al. 2016)

Measuring the dynamical state
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2. Mass-to-light ratio
GCs are mass segregated 

Massive stars sink into the centre and less massive stars 
move toward the outskirts as a result of redistribution of 
energy. 

LOW M/L objects:
high-mass bright stars (giant stars, ~0.8 M_sun)

HIGH M/L objects
low-mass faint stars (main sequence stars) 
dark remnants (black holes, neutron stars, ~a few M_sun)

non-trivial variations of the M/L are expected, however 
dynamical modelling usually assume constant M/L

Multi-mass models: Da Costa & Freeman 1976; Gieles & Zocchi 
2015; Zocchi et al. 2016; de Vita et al. 2016, Peuten et al. 2017 
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Figure 1. Left panel: Mass-to-light ratio profiles (in the V -band) as a function of radius (in unit of the half-light radius, Rh) for all
simulations. The profiles are colour-coded proportionally to their relaxation states indicated by nrel = Tage/Trc, see Table 3. Redder
profiles correspond to dynamically younger clusters while bluer profile dynamically older ones. Right panels: snapshots at 11 Gyr of
three clusters in different relaxation states (nrel =2.0, 8.3, 200.2; see Appendix A for all the other profiles). Less relaxed clusters display
a central peak of the mass-to-light ratio due to the presence of dark remnants not yet dynamically ejected from the clusters (see Sect. 3.1
and Fig. 3). A polynomial fit is provided for each profile (see Appendix A) and is used to determine the minimum of the mass-to-light
profiles, here indicated with a black arrow. A common minimum at ' 0.2� 0.3Rh is observed.

state of dynamical evolution, the number of stellar encoun-
ters that the dark remnants have experienced is higher, and
therefore they have experienced a higher number of dynam-
ical ejections. Hurley et al. (2016) showed that the number
of dark remnants (in particular black holes) remaining in a
cluster depends primary on the density of the cluster, that is
directly related to the frequency of gravitational encounters
that the dark remnants experience (Hills 1992). At a fixed
age, lower density clusters (i.e, clusters with longer relax-
ation times) will retain a higher number of dark remnants
for longer times (Morscher et al. 2013). This is also discussed
in Section 3.2 (see panel B of Fig. 3).

Moreover, given their higher masses, dark remnants sink
faster toward the centre and can quickly form a central com-
ponent and enhance the escape rate of bright stars sinking
in the centre (see e.g., Trenti et al. 2010; Lützgendorf et al.
2013). This can further deplete the centre of the system of
low-M/L stars.

We can therefore explain the central peak observed in
dynamically young clusters (see Fig. 1) as due to a higher
retention of dark remnants and fewer centrally segregated
giant stars. This peak is progressively flattened for dynam-
ically older clusters, due to the ejection of dark remnants.
Note that at the later age of 11 Gyr, both dynamically young
and dynamically old clusters are present (nrel ranges from
' 2 to ' 600, see Table 3) and therefore both M/L pro-
files with and without central peak are expected. This has
direct implications for the application of dynamical mod-
elling when assuming a constant M/L. Knowing the relax-
ation state of a cluster, can help to establish what shape to
expect for the M/L profile, and therefore helping to lower

the degeneracies (such as mass-anisotropy degeneracy) in
the models and disentangle the dynamical effects of stellar
dark remnants from those of other dark components (e.g.
intermediate-mass black holes or dark matter halos). This is
already within our observational capabilities (see e.g. Bald-
win et al. 2016), since the relaxation state of a cluster can ei-
ther be estimated using the relaxation time already available
for MW GCs and some extragalactic clusters (see Section
4), or independently, using kinematic observations of mass
dependent velocity dispersion, available from HST proper
motions (Bellini et al. 2014) and line-of-sight data (Kamann
et al. 2016).

3.2 Global relations

With the goal of allowing for a direct comparison with ob-
servations, in this section we study the relation between the
global values of mass-to-light ratios and the dynamical state
of GCs. As described in Section 2.2 and reported in Table 3,
we calculate the global values of M/L and the one within the
half-light radius. In real observations, these quantities are
generally the output of the application of dynamical mod-
elling, and are usually referred to as dynamical mass-to-light
ratios.

In Fig. 2 we show the relation between the M/L within
the half-light radius5, the relaxation state nrel and the state
of partial energy equipartition meq reached by a cluster. We

5 Similar relations hold also for the global value of M/L and M/L
within 0.1Rh.
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win et al. 2016), since the relaxation state of a cluster can ei-
ther be estimated using the relaxation time already available
for MW GCs and some extragalactic clusters (see Section
4), or independently, using kinematic observations of mass
dependent velocity dispersion, available from HST proper
motions (Bellini et al. 2014) and line-of-sight data (Kamann
et al. 2016).

3.2 Global relations

With the goal of allowing for a direct comparison with ob-
servations, in this section we study the relation between the
global values of mass-to-light ratios and the dynamical state
of GCs. As described in Section 2.2 and reported in Table 3,
we calculate the global values of M/L and the one within the
half-light radius. In real observations, these quantities are
generally the output of the application of dynamical mod-
elling, and are usually referred to as dynamical mass-to-light
ratios.

In Fig. 2 we show the relation between the M/L within
the half-light radius5, the relaxation state nrel and the state
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Central peak is due to the retention of dark remnants.
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have efficiently ejected remnants.
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Figure 3. Top panels: dependence of the total number of low-mass main sequence stars (MS, m < 0.2 M�; panel A) and dark
remnants (DR, neutron stars and stellar mass black holes; panel B) on the relaxation state of a cluster nrel = Tage/Trc (left panel).
Metal poor models at 4, 7 and 11 Gyr are indicated with black circles, blue triangles and red squares, respectively, and metal rich models
at 11 Gyr with magenta circles. More relaxed clusters show a lower number of dark remnants because of ejections driven by gravitational
encounters. No clear trend is observed for low-mass main sequence stars. Bottom panels: relation between the total number of low-mass
main sequence stars (panel C) and dark remnants (panel D) and the global mass-to-light ratio in the V -band. The strong correlation
between the number of dark remnants and M/L, indicates that the dynamical evolution of M/L is primarily driven by the ejection of
dark remnants, rather than the escape of low-mass stars.

meq / n�1
rel, consistent with what found in Bianchini et al.

(2016a); see equation 2.
The age dependence observed in panel A and B of Fig. 2

is due to stellar evolution effects (e.g., Sippel et al. 2012;
Zonoozi et al. 2016): in older clusters the brighter and more
massive stars gradually evolve into stellar remnants (white
dwarfs, neutron stars and black holes) and therefore the
mass-to-light ratio increases. Moreover, at a fixed age of
11 Gyr, metal rich clusters have on average higher M/L,
because of a decrease in luminosity due to higher stellar
opacity (e.g. Sippel et al. 2012), as expected from stellar
population models. In panel C and D of Fig. 2, we show
the same relations after normalizing the M/L with respect
to the M/L reached by a cluster fully dynamically relaxed,
nrel >> 1, corresponding to a cluster at its closest state of
full energy equipartition, M/Leq. Using equations (3) and
(2), M/Leq = 0.57, 0.91, 1.35, 2.01 M�/L� and meq = 1.55
M�. This normalization allows to cancel out any age and
metallicity effects, as seen from the smooth relations ob-
tained, leaving only the effects of dynamical evolution.

Fig. 2 and the resulting relations given by equations 3
and 4, show that the relaxation state of the cluster (and
therefore its relaxation time) is responsible for shaping the

mass-to-light ratios. This suggests that, on one side, the on-
set of energy equipartition and mass segregation (tightly re-
lated to the relaxation state of a cluster) could trigger the
preferential escape of low-mass stars and on the other side,
the relaxation state (that can be seen as a measure of how
many gravitational encounters an object has experienced)
regulates the retention/ejection of dark remnants.

In Fig. 3, we study which effect is stronger in lower-
ing the mass-to-light ratios while the cluster dynamically
evolves: the ejection of dark remnants or the escape of low-
mass stars. Panels A and B of Fig. 3 show the relaxation
state nrel of the cluster as a function of the total number
of main sequence stars with mass lower than 0.2 M� and
the total number of dark remnants (neutron stars and stel-
lar black holes). While low-mass main sequence stars do not
show any clear trend with relaxation state6, a strong anti-
correlation is observable for the dark remnants (as already
noted in Sect. 3.1).

Panels C and D of Fig. 3 further show the global M/L
ratios as a function of the total number of low-mass main

6 This is valid also for main sequence stars with masses 0.2 <
m < 0.3 M� and 0.3 < m < 0.4 M�.
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because of a decrease in luminosity due to higher stellar
opacity (e.g. Sippel et al. 2012), as expected from stellar
population models. In panel C and D of Fig. 2, we show
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to the M/L reached by a cluster fully dynamically relaxed,
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full energy equipartition, M/Leq. Using equations (3) and
(2), M/Leq = 0.57, 0.91, 1.35, 2.01 M�/L� and meq = 1.55
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lar black holes). While low-mass main sequence stars do not
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correlation is observable for the dark remnants (as already
noted in Sect. 3.1).

Panels C and D of Fig. 3 further show the global M/L
ratios as a function of the total number of low-mass main

6 This is valid also for main sequence stars with masses 0.2 <
m < 0.3 M� and 0.3 < m < 0.4 M�.

MNRAS 000, 000–000 (0000)

number of dark remnants
(neutron stars + black holes)



5

Figure 1. Left panel: Mass-to-light ratio profiles (in the V -band) as a function of radius (in unit of the half-light radius, Rh) for all
simulations. The profiles are colour-coded proportionally to their relaxation states indicated by nrel = Tage/Trc, see Table 3. Redder
profiles correspond to dynamically younger clusters while bluer profile dynamically older ones. Right panels: snapshots at 11 Gyr of
three clusters in different relaxation states (nrel =2.0, 8.3, 200.2; see Appendix A for all the other profiles). Less relaxed clusters display
a central peak of the mass-to-light ratio due to the presence of dark remnants not yet dynamically ejected from the clusters (see Sect. 3.1
and Fig. 3). A polynomial fit is provided for each profile (see Appendix A) and is used to determine the minimum of the mass-to-light
profiles, here indicated with a black arrow. A common minimum at ' 0.2� 0.3Rh is observed.

state of dynamical evolution, the number of stellar encoun-
ters that the dark remnants have experienced is higher, and
therefore they have experienced a higher number of dynam-
ical ejections. Hurley et al. (2016) showed that the number
of dark remnants (in particular black holes) remaining in a
cluster depends primary on the density of the cluster, that is
directly related to the frequency of gravitational encounters
that the dark remnants experience (Hills 1992). At a fixed
age, lower density clusters (i.e, clusters with longer relax-
ation times) will retain a higher number of dark remnants
for longer times (Morscher et al. 2013). This is also discussed
in Section 3.2 (see panel B of Fig. 3).

Moreover, given their higher masses, dark remnants sink
faster toward the centre and can quickly form a central com-
ponent and enhance the escape rate of bright stars sinking
in the centre (see e.g., Trenti et al. 2010; Lützgendorf et al.
2013). This can further deplete the centre of the system of
low-M/L stars.

We can therefore explain the central peak observed in
dynamically young clusters (see Fig. 1) as due to a higher
retention of dark remnants and fewer centrally segregated
giant stars. This peak is progressively flattened for dynam-
ically older clusters, due to the ejection of dark remnants.
Note that at the later age of 11 Gyr, both dynamically young
and dynamically old clusters are present (nrel ranges from
' 2 to ' 600, see Table 3) and therefore both M/L pro-
files with and without central peak are expected. This has
direct implications for the application of dynamical mod-
elling when assuming a constant M/L. Knowing the relax-
ation state of a cluster, can help to establish what shape to
expect for the M/L profile, and therefore helping to lower

the degeneracies (such as mass-anisotropy degeneracy) in
the models and disentangle the dynamical effects of stellar
dark remnants from those of other dark components (e.g.
intermediate-mass black holes or dark matter halos). This is
already within our observational capabilities (see e.g. Bald-
win et al. 2016), since the relaxation state of a cluster can ei-
ther be estimated using the relaxation time already available
for MW GCs and some extragalactic clusters (see Section
4), or independently, using kinematic observations of mass
dependent velocity dispersion, available from HST proper
motions (Bellini et al. 2014) and line-of-sight data (Kamann
et al. 2016).

3.2 Global relations

With the goal of allowing for a direct comparison with ob-
servations, in this section we study the relation between the
global values of mass-to-light ratios and the dynamical state
of GCs. As described in Section 2.2 and reported in Table 3,
we calculate the global values of M/L and the one within the
half-light radius. In real observations, these quantities are
generally the output of the application of dynamical mod-
elling, and are usually referred to as dynamical mass-to-light
ratios.

In Fig. 2 we show the relation between the M/L within
the half-light radius5, the relaxation state nrel and the state
of partial energy equipartition meq reached by a cluster. We

5 Similar relations hold also for the global value of M/L and M/L
within 0.1Rh.
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Figure 2. Top panels: Mass-to-light ratio (V -band) within the half-light radius as a function of the relaxation state of a cluster
nrel = Tage/Trc (panel A) and its state of partial energy equipartition meq (panel B). Metal poor models at 4, 7 and 11 Gyr are
indicated with black circles, blue triangles and red squares, respectively, and metal rich models at 11 Gyr with magenta circles. More
relaxed clusters (characterized by a higher nrel, and, correspondingly, lower meq) have lower mass-to-light ratios. The arrows indicate the
values of M/L reached by the clusters closest to full energy equipartition. A clear age dependence is observable, in agreement with stellar
evolution (older stellar systems are depleted of brighter main sequence stars), as well as a metallicity dependence (metal rich clusters
have lower luminosity due to higher stellar opacity). The solid lines are the best fits to each age-sequence. Bottom panels: Normalized
mass-to-light ratio within the half-light radius as a function of the relaxation state of a cluster and its state of partial energy equipartition.
Given an age and metallicity, the M/L are normalized with respect to the value that a cluster would reach at a very dynamically advanced
state, nrel >> 1 (closer to full energy equipartition, i.e. the asymptotic limit of the fitted relation M/L = an�1

rel + b, see equation 3),
indicated by arrows in panel A. This normalization allows to cancel out the effects connected to stellar evolution and metallicity and
confirms that the correlation between relaxation state and M/L is due to dynamical effects alone.

remind the reader that the state of partial energy equipar-
tition of a cluster quantified by the parameter meq tightly
correlates with its relaxation state

meq = 1.55 + 4.10n�↵
rel , (2)

with ↵ = 0.85±0.12, as described in Bianchini et al. (2016a)
(see their Section 5). The equipartition parameter meq,
solely calculated from the internal kinematics, can therefore
be used to describe the dynamical age of a cluster.

Fig. 2 shows that more relaxed clusters are character-
ized by a lower mass-to-light ratio. Given an age, the varia-
tion of M/L between dynamically younger and dynamically
older clusters can be up to a factor of ' 3. As an example,
in the case of the metal poor models at 11 Gyr, the least
relaxed cluster (nrel = 2.0; meq = 4.46 M�) has a M/L(<

Rh) = 3.12 M�/L� and the most relaxed (nrel = 200.2;
meq = 1.60 M�) has a M/L(< Rh) = 1.29 M�/L�.

The relations between the M/L and the relaxation state
(nrel and meq) presented in Fig. 2 are tight. The M/L�nrel

relations (panel A) are well fitted by a power law

M/L = an�1
rel + b, (3)

with a = 0.53, 1.16, 3.25, 4.97 and b = 0.57, 0.91, 1.35, 2.01
for 4, 7, 11 Gyr metal poor and 11 Gyr metal rich clusters,
respectively. While the M/L�meq relations (panel B) are
well fitted by a linear relation

M/L = ameq + b, (4)

with a = 0.15, 0.29, 0.66, 1.05 and b = 0.30, 0.41, 0.33,
0.39 for 4, 7, 11 Gyr metal poor and 11 Gyr and metal
rich clusters, respectively. Equations 3 and 4 together give
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rel + b, see equation 3),
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confirms that the correlation between relaxation state and M/L is due to dynamical effects alone.
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Figure 4. Dynamical mass-to-light ratio (V -band) as a function of the half-light radius for GCs in the Milky Way (McLaughlin & van der
Marel 2005, green dots) and in M31 (Strader et al. 2011, grey triangles). The green and grey solid lines are the sliding means calculated
from the data. The models presented in this paper are superimposed and shown as large black circles, blue triangles, red squares, for
the metal poor models at 4, 7 and 11 Gyr, respectively, and as magenta circles for metal rich models at 11 Gyr. The average error bars
for the observed M/L are indicated on the bottom-left corner. The combination of the different relaxation states of the clusters and the
presence of both metal poor and metal rich systems allows to reproduce the parameter space covered by observations and reproduce the
observed trend.

every given relaxation state. However, we could speculate
that metal rich cluster formed preferentially with shorter
relaxation times (e.g. more dense), so that their lower mass-
to-light ratios could be explained. Alternatively, since stel-
lar feedbacks are more damaging with increasing metallicity
(e.g. Dib et al. 2011), the surviving metal rich clusters would
preferentially be the densest systems, therefore the one char-
acterized by shorter relaxation times. In both cases, the
onset of energy equipartition and mass segregation would
happen on a shorter timescale, making the systems dynami-
cally older than the corresponding metal poor clusters. Thus,
in accordance with our findings, dynamical evolution alone
could explain their lower M/L.

A signature of a dependence of the relaxation time on
the metallicity of the clusters is present in the data of Strader
et al. (2011), where GCs with higher metallicity show a lower
relaxation time, on average. However, we should be cautious
about this trend due to possible observational effects biasing
the measurements of the half-light radii (and therefore of the
relaxation times) of metal rich clusters (i.e., the combined
effect of stellar evolution and mass segregation can bias the

cluster size measurements, giving lower values for the half-
light radii for metal rich clusters; see for example Sippel
et al. 2012; Shanahan & Gieles 2015).

A hint that relaxation processes are key in explaining
the observations, comes from the fact that the discrepancy
between the data and simple population models is stronger
for clusters with lower mass and with shorter relaxation time
(Strader et al. 2011). Indeed, systems with shorter relaxation
times would be the one more affected by dynamical evolu-
tion effects. Finally, the observed trend of increasing M/L
for increasing cluster masses clearly reported for M31 GCs
(Strader et al. 2011) and NGC 5128 GCs (Taylor et al. 2015),
and marginally evident for Milky Way GCs (likely because
of the lack of very massive clusters, Kruijssen 2008), can be
taken as an additional indication of the importance of the
relaxation states (given the dependence of the relaxation
time Trh / R3/2

h M1/2, more massive clusters have longer
relaxation times and therefore higher M/L ratios).

As a final remark, we note that our models are not able
to explain the very high M/L values (M/L > 4 M�/L�)
observed for some GC in M31 and NGC 5128 (Taylor et al.
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M/L & dynamical state 

WHAT DID WE LEARN?

- M/L profiles are not constant: given the 
relaxation state of a cluster we can predict a 
physically motivated M/L profile

- break the degeneracy between dark 
remnants and IMBHs 

- Dark remnants significantly shape the M/L: 
possibility of inferring the number of 
remnants from accurate measurements of 
M/L?

5

Figure 1. Left panel: Mass-to-light ratio profiles (in the V -band) as a function of radius (in unit of the half-light radius, Rh) for all
simulations. The profiles are colour-coded proportionally to their relaxation states indicated by nrel = Tage/Trc, see Table 3. Redder
profiles correspond to dynamically younger clusters while bluer profile dynamically older ones. Right panels: snapshots at 11 Gyr of
three clusters in different relaxation states (nrel =2.0, 8.3, 200.2; see Appendix A for all the other profiles). Less relaxed clusters display
a central peak of the mass-to-light ratio due to the presence of dark remnants not yet dynamically ejected from the clusters (see Sect. 3.1
and Fig. 3). A polynomial fit is provided for each profile (see Appendix A) and is used to determine the minimum of the mass-to-light
profiles, here indicated with a black arrow. A common minimum at ' 0.2� 0.3Rh is observed.

state of dynamical evolution, the number of stellar encoun-
ters that the dark remnants have experienced is higher, and
therefore they have experienced a higher number of dynam-
ical ejections. Hurley et al. (2016) showed that the number
of dark remnants (in particular black holes) remaining in a
cluster depends primary on the density of the cluster, that is
directly related to the frequency of gravitational encounters
that the dark remnants experience (Hills 1992). At a fixed
age, lower density clusters (i.e, clusters with longer relax-
ation times) will retain a higher number of dark remnants
for longer times (Morscher et al. 2013). This is also discussed
in Section 3.2 (see panel B of Fig. 3).

Moreover, given their higher masses, dark remnants sink
faster toward the centre and can quickly form a central com-
ponent and enhance the escape rate of bright stars sinking
in the centre (see e.g., Trenti et al. 2010; Lützgendorf et al.
2013). This can further deplete the centre of the system of
low-M/L stars.

We can therefore explain the central peak observed in
dynamically young clusters (see Fig. 1) as due to a higher
retention of dark remnants and fewer centrally segregated
giant stars. This peak is progressively flattened for dynam-
ically older clusters, due to the ejection of dark remnants.
Note that at the later age of 11 Gyr, both dynamically young
and dynamically old clusters are present (nrel ranges from
' 2 to ' 600, see Table 3) and therefore both M/L pro-
files with and without central peak are expected. This has
direct implications for the application of dynamical mod-
elling when assuming a constant M/L. Knowing the relax-
ation state of a cluster, can help to establish what shape to
expect for the M/L profile, and therefore helping to lower

the degeneracies (such as mass-anisotropy degeneracy) in
the models and disentangle the dynamical effects of stellar
dark remnants from those of other dark components (e.g.
intermediate-mass black holes or dark matter halos). This is
already within our observational capabilities (see e.g. Bald-
win et al. 2016), since the relaxation state of a cluster can ei-
ther be estimated using the relaxation time already available
for MW GCs and some extragalactic clusters (see Section
4), or independently, using kinematic observations of mass
dependent velocity dispersion, available from HST proper
motions (Bellini et al. 2014) and line-of-sight data (Kamann
et al. 2016).

3.2 Global relations

With the goal of allowing for a direct comparison with ob-
servations, in this section we study the relation between the
global values of mass-to-light ratios and the dynamical state
of GCs. As described in Section 2.2 and reported in Table 3,
we calculate the global values of M/L and the one within the
half-light radius. In real observations, these quantities are
generally the output of the application of dynamical mod-
elling, and are usually referred to as dynamical mass-to-light
ratios.

In Fig. 2 we show the relation between the M/L within
the half-light radius5, the relaxation state nrel and the state
of partial energy equipartition meq reached by a cluster. We

5 Similar relations hold also for the global value of M/L and M/L
within 0.1Rh.

MNRAS 000, 000–000 (0000)

2. Mass-to-light ratio



3. Velocity anisotropy

GCs are mildly 
anisotropic 

Observations show:

- isotropy in the centre 
- mild radial anisotropy in the intermediate 

regions
- tangential anisotropy / isotropy in the 

outer parts
e.g. HST proper motion observations:
Watkins+2015, Bellini+2015 Richer+2014,  
vanLeeuwen+2000

Bellini, Bianchini + HSTPROMO submitted
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Figure 5. Rotation profiles on the plane of the sky (form this work) and along the line-of-sight (from Bianchini et al. 2013), compared to the best-fit axisymmetric
rotating model to all the available kinematic and photometric data. Blue, green, and red lines indicate models with inclination angles of i = 25◦ , 30◦ and 35◦ ,
respectively. The yellow line indicates the model obtained by Bianchini et al. (2013) assuming an inclination angle of i = 45◦, clearly unable to reproduce the
PM rotation profile. Our new model is able to simultaneously reproduce the three-dimensional rotation pattern of 47 Tuc. [Show both panel on the same plane
for better by-eye comparison]

Table 5

DIMENSIONLESS PARAMETERS AND PHYSICAL SCALES OF THE BEST-FIT MODELS

Dimensionless parameters Physical scales Assumed distance

Ψ χ b̄ Σ0 r0 v0 d

mag arcsec−2 arcsec km s−1 kpc

7.6 1.6× 10−3 0.007 14.5± 0.1 27.2± 1.2 14.1± 0.1 4.5

Note. — Concentration parameter Ψ, rotation strength parameter χ, the b̄ parameter, V-band central surface brightness Σ0 in mag arcsec−2, radial scale r0 in
arcsec, velocity scale v0 in km s−1, and assumed distance d in kpc. For the physical scales, the associated 1σ-errors are also shown.

Table 6

STRUCTURAL PARAMETERS DERIVED FOR THE BEST-FIT MODELS

C Rc Rh Rtr M M/LV logρ0

arcsec arcsec arcsec M⊙ M⊙/L⊙ M⊙ pc−3

1.91± 0.02 27.4± 1.2 248.6± 10.9 1989.8± 87.8 8.4± 0.4× 105 1.96± 0.25 4.97± 0.01

Note. — Concentration parameter C = log(Rtr/Rc), projected core radius Rc in arcsec, projected half-mass radius Rh in arcsec, truncation radius rtr in arcsec,

total mass of the cluster M in units of M⊙, V-band mass-to-light ratio in solar units, logarithm of the central mass density ρ0 in units of M⊙ pc−3.

Figure 6. Anisotropy profile predicted by our best-fit model compared to the
PM results from this work. Our model is able to reproduce well the observed
trend of isotropy in the center and mild radial anisotropy in the outer parts.

The careful reader might have noticed that the distribution
of 47 Tuc stars in the PM diagram of the central field is rather

circular, while this distribution is more flattened in the inner
and calibration field, to become again somewhat more circular
in the outer field (middle panels of Fig. 1)). This is the effect
of velocity-dispersion anisotropy.

To properly measure the degree of velocity-dispersion
anisotropy of the cluster as a function of radius, we proceeded
as follows. First, we need to select stars with reliable PMs
and similar mass in the four fields. As we mentioned ear-
lier, PMs computed in the inner and outer fields are based on
WFPC2 measurements, and might be affected by significant
systematic effects. Our datasets do not allow us to adequately
study and minimize the impact of systematic effects due to
WFPC2 measurements. While these systematic errors are ex-
pected to only have second-order effects in the quoted PMs,
they can significantly alter the estimated PM errors. Since PM
errors are subtracted in quadrature when we want to measure
velocity-dispersion profiles, under/overestimating PM errors
could lead to incorrect profiles. In what follows, we will
include measurements coming from the inner and the outer
fields only for completeness.

To select stars of similar mass in the four fields, we limit our
selections to the magnitude range 20<mF606W<22. The radial
and tangential velocity-dispersion profiles were estimated us-

47 Tuc



3. Velocity anisotropy

GCs are mildly anisotropic 

Simulations show:
Anisotropy is shaped by a combination of
1) primordial formation processes    (Lynden-Bell 1967, Vesperini+2014)

2) internal relaxation processes    (Spitzer1987, Giersz & Heggie 1996)

3) interaction with external tidal field    (Giersz & Heggie 1997,  Takahashi+1997)

More recently: Tiongco+2016, Zocchi+2016, Sollima+2015

Is the anisotropy affected by the birth environment?



Accreted vs. in-situ GCs

• ~2/3 of MW GCs suspected to 
be accreted systems (age-
metallicity relation)

• ωCen and M54 suspected to 
be nuclei of dwarf galaxies 

• No signatures of accretion in 
the internal structure

          Miholics+2016, 2014; Bianchini+2015

Miholics, Webb & Sills 2016
Accreted star cluster dynamics 245

Figure 4. Simulation of a cluster orbiting around a 1010 M⊙ dwarf galaxy
that evaporates as it orbits the Milky Way on a circular orbit of R = 20.0 kpc.
(a) Half mass radius over time in the three potentials as well as 0.25× the
Galactocentric distance in the Milky Way. Colours are the same as in
Fig. 1(a). (b) Mass normalized size (rm/M1/3) of the cluster over time in
the three potentials: dwarf only (red), Milky Way(blue), combined potential
(black). (c) Mass of the cluster in M⊙ over time in the three potentials.
Colours are the same as above.

in the masses of the clusters in the two potentials exists. For the
size of the cluster to completely adjust the mass of the cluster
must as well. Hence, the mass-loss rate slows and the masses in
the two potentials become comparable. However, the masses never
completely overlap because the mass-loss rate of the cluster in the
combined potential cannot slow enough to compensate for such
a large difference in cluster masses. This effect occurs when the
cluster moves into a tidal field that is weaker than the original tidal
field. There is no such effect when the cluster moves from a weak
tidal field to a strong one, as in the ‘dwarf falls’ case shown in
Fig. 1. In this case, an acceleration of the mass-loss rate is driving
the evolution of the cluster, rather than a deceleration. The increased
mass-loss rate acts quickly to bring the cluster’s mass down to what

it would have been had it been living in the stronger tidal field its
whole life.

In the simulation presented in Fig. 4, we start with a dwarf galaxy
that has a stronger tidal field at R = 4.0 kpc than the Milky Way. To
examine the effects of starting the cluster in a dwarf galaxy that has
a weaker tidal field than the Milky Way, we performed additional
simulations in which we decreased the mass of the dwarf and let
it orbit at a distance closer to the centre of the Milky Way. Before
the dwarf evaporates, it has little effect on the cluster because the
Milky Way’s tidal field is stronger. The orbit of the cluster in the
Milky Way (passing closer and farther away from the centre due to
the orbit around the dwarf) does not have an effect on the cluster’s
size. Even though the tidal field of the Milky Way varies quite a
bit on such an orbit, the cluster appears to evolve according to the
mean tidal field strength of the Milky Way along that path. The
dwarf evaporating decreases its tidal field strength even more and
so the cluster continues to have a half-mass radius as dictated by
the Milky Way’s tidal field.

4 SU M M A RY A N D D I S C U S S I O N

In our simulations, we simulate a cluster that orbits around a dwarf
galaxy which either falls into the Milky Way or evaporates and
leaves the cluster orbiting in the Milky Way only. The size of a
cluster is determined by whichever galaxy has the strongest tidal
field strength. Hence, in the ‘dwarf falls’ simulations, when the
separation between the dwarf–cluster pair and Milky Way is such
that the dwarf tidal field strength is stronger (has a smaller rj), the
cluster has the same size as it would have if it evolved solely in the
dwarf. Conversely, when the dwarf is close enough to the Milky
Way centre such that the Milky Way’s tides begin to dominate,
the cluster size decreases and eventually becomes the same size as
a cluster which spends its entire lifetime in the Milky Way. This
adjustment occurs because the stronger tidal field of the Milky Way
can strip stars closer to centre of the cluster, keeping the cluster
confined to a region where the tides from the dwarf are not strong
enough to strip stars form the cluster. The transition between these
two regimes occurs when rMW

j becomes comparable to r99, i.e. the
physical limit of the cluster. In the ‘dwarf evaporates’ simulations,
the cluster responds to the weakening tidal field of the dwarf galaxy
immediately, deviating from the size it would have in the non-
evaporating dwarf. As the dwarf tides go to zero, the Milky Way
begins to dominate and the subsequent size evolution is determined
by the Milky Way tides entirely, leaving the cluster with a similar
size as a cluster that has evolved completely in the Milky Way only.
Any remaining size difference can be attributed to slightly different
masses since the mass-normalized size of the cluster in the combined
potential and the Milky Way converge almost immediately after the
dwarf has evaporated.

Taking all the results from the above simulations together, we
can construct the full picture of a star cluster’s evolution inside
a dwarf-galaxy–Milky-Way merger. The two scenarios used for
the gravitational potential on the cluster, ‘dwarf falls’ and ‘dwarf
evaporates’ represent the key processes affecting a cluster in this
type of galaxy merger. In particular, in the merger these processes
will happen simultaneously since as the separation between the two
galaxies diminishes, the Milky Way will strip mass away from the
dwarf. These processes have the same net effect, to increase the
Milky Way’s tidal field strength with respect to that of the dwarf.
The simulations we perform in this work show that a cluster will
have a size determined by whichever tidal field is the strongest at

MNRAS 456, 240–247 (2016)

Can we find a unique kinematic signature of an 
accretion process?



Simulating an accretion process

Scenario 1: Dwarf falls
the GC experiences an increasing tidal field 
until it reaches the final position at ~6 Gyr

Scenario 2: Dwarf evaporates
the GC is released into the MW potential, 
while the dwarf loses mass until 6 Gyr

SIMULATIONS: time-dependent tidal field (Nbody6tt, Renaud+2015)
set of simulations from Miholics et al. 2016

GCs: 50,000 particles, Kroupa mass function, tidally under filling configurations
MW: bulge + disk + logarithmic halo
Dwarf: point mass (109-1010 M⦿)



Anisotropy as a fossil record

β=1-(σ2φ+σ2θ)/2σ2r

β>0 radial anisotropy

β<0 tangential anisotropy

β=0 isotropy



Anisotropy as a fossil record
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Figure 1. Time evolution of the velocity anisotropy parameter � calculated at different Lagrangian radii, namely between 40% and
60%, 60% and 80%, 80% and 90% and 90% and 99%, denoted as �50, �70, �85, �95, respectively. The three columns show three different
simulations of accreted GCs (black lines) and additionally the corresponding simulations of a GC evolved entirely in the MW (magenta
lines) and evolved entirely in a dwarf galaxy (green lines). The vertical dotted lines show the beginning (3 Gyr) and the end of the
accretion process (6 Gyr). The strongest differences between the velocity anisotropy of accreted and non-accreted GCs are observable in
the outer Lagrangian radii and smooth out in a few relaxation times (⇠few Gyr) adapting to the new dominating tidal field. Note that
GCs characterized by radial (� > 0), tangential (� < 0) or isotropic (� ' 0) velocity distributions are produced.

MNRAS 000, 000–000 (0000)

5

Figure 1. Time evolution of the velocity anisotropy parameter � calculated at different Lagrangian radii, namely between 40% and
60%, 60% and 80%, 80% and 90% and 90% and 99%, denoted as �50, �70, �85, �95, respectively. The three columns show three different
simulations of accreted GCs (black lines) and additionally the corresponding simulations of a GC evolved entirely in the MW (magenta
lines) and evolved entirely in a dwarf galaxy (green lines). The vertical dotted lines show the beginning (3 Gyr) and the end of the
accretion process (6 Gyr). The strongest differences between the velocity anisotropy of accreted and non-accreted GCs are observable in
the outer Lagrangian radii and smooth out in a few relaxation times (⇠few Gyr) adapting to the new dominating tidal field. Note that
GCs characterized by radial (� > 0), tangential (� < 0) or isotropic (� ' 0) velocity distributions are produced.

MNRAS 000, 000–000 (0000)

DWL-MW20-evap DWS-MW10-fal DWS-MW20-evap

accreted GCs 
MW 

Dwarf

- At early phases, the velocity anisotropy is determined by the tidal field of the dwarf
- The clusters will adapt to the new tidal environment in a few relaxation times

Bianchini, Sills & Miholics submitted

accreted GCs 
MW 
Dwarf



Anisotropy as a fossil record

5

Figure 1. Time evolution of the velocity anisotropy parameter � calculated at different Lagrangian radii, namely between 40% and
60%, 60% and 80%, 80% and 90% and 90% and 99%, denoted as �50, �70, �85, �95, respectively. The three columns show three different
simulations of accreted GCs (black lines) and additionally the corresponding simulations of a GC evolved entirely in the MW (magenta
lines) and evolved entirely in a dwarf galaxy (green lines). The vertical dotted lines show the beginning (3 Gyr) and the end of the
accretion process (6 Gyr). The strongest differences between the velocity anisotropy of accreted and non-accreted GCs are observable in
the outer Lagrangian radii and smooth out in a few relaxation times (⇠few Gyr) adapting to the new dominating tidal field. Note that
GCs characterized by radial (� > 0), tangential (� < 0) or isotropic (� ' 0) velocity distributions are produced.

MNRAS 000, 000–000 (0000)

5

Figure 1. Time evolution of the velocity anisotropy parameter � calculated at different Lagrangian radii, namely between 40% and
60%, 60% and 80%, 80% and 90% and 90% and 99%, denoted as �50, �70, �85, �95, respectively. The three columns show three different
simulations of accreted GCs (black lines) and additionally the corresponding simulations of a GC evolved entirely in the MW (magenta
lines) and evolved entirely in a dwarf galaxy (green lines). The vertical dotted lines show the beginning (3 Gyr) and the end of the
accretion process (6 Gyr). The strongest differences between the velocity anisotropy of accreted and non-accreted GCs are observable in
the outer Lagrangian radii and smooth out in a few relaxation times (⇠few Gyr) adapting to the new dominating tidal field. Note that
GCs characterized by radial (� > 0), tangential (� < 0) or isotropic (� ' 0) velocity distributions are produced.

MNRAS 000, 000–000 (0000)

DWL-MW20-evap DWS-MW10-fal DWS-MW20-evap

accreted GCs 
MW 

Dwarf

- At early phases, the velocity anisotropy is determined by the tidal field of the dwarf
- The clusters will adapt to the new tidal environment in a few relaxation times
- If any, the signatures in anisotropy are not unique

Bianchini, Sills & Miholics submitted



accreted MW only
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Dwarf evaporates
Dwarf initial mass =109 M⦿

Distance from MW centre = 20 kpc

right before the accretion starts

Anisotropy as a fossil record



accreted MW only

right after accretion is over (dwarf mass = 0)
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accreted MW only

Consistent with Tiongco+2016 and Zocchi+2016
but larger varieties of profiles 
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Preferentially stripping of low-mass 
stars in radial orbits (e.g. Baumgardt & 
Makino 2003)

Bianchini, Sills & Miholics submitted

Anisotropy as a fossil record

More relaxed clusters have isotropic/
tangential velocity distributions:
consistent with HST observations 
(Watkins+2015)

6 P. Bianchini et al.

Figure 2. Left panel: Velocity anisotropy at the half-mass radius �50 for all the simulations at 10 Gyr as a function of their current
half-mass relaxation time trel. Accreted GCs of the type "Dwarf Evaporates" are represented with black dots, accreted clusters of type
"Dwarf Falls" are empty circles, GCs evolved solely in the MW are magenta dots and GCs evolved solely in a dwarf galaxy are green
dots. Clusters that are dynamically younger (longer relaxation times) are characterized by stronger radial anisotropy; isotropy is reached
by clusters with trel ' 109 yr, consistent with the observational finding by Watkins et al. (2015a). Right panel: Velocity anisotropy at
the half-mass radius at 10 Gyr as a function of the average stellar mass of the clusters. Radial anisotropic systems (i.e., dynamically
younger clusters) have lower average stellar masses than systems characterized by isotropy or tangential anisotropy (i.e. dynamically
older clusters). This indicates that the tidal field preferentially strips low-mass stars in radial orbits.

ing GC evolved in the MW only. This is due to internal
relaxation processes, since the clusters have experienced a
few relaxation times of evolution in the 4 Gyr following the
accretion process (ranging from ' 3 � 10 trel, with trel the
half-mass relaxation time, see Table 2).

In the left panel of Figure 2 we show the values of
the velocity anisotropy at the half-mass radius, �50, for all
our simulations at 10 Gyr, as a function of their current
half-mass relaxation time trel. Less relaxed clusters (clusters
with longer relaxation times) display radial anisotropy, while
more relaxed clusters (clusters with shorter relaxation times)
display stronger tangential anisotropy. The right panel of
Figure 2 shows �50 as a function of the average stellar
mass in the clusters, mav. Clusters with higher tangen-
tial anisotropy are characterized by a higher average stellar
mass. This indicates that the tidal field has been efficient
in stripping low-mass stars. These stars are set preferen-
tially on radial orbits while they move toward the outskirts
of the cluster, because of the effects connected to energy
equipartition and mass segregation (e.g. Vesperini & Heggie
1997; Baumgardt & Makino 2003) that are more efficient for
clusters with shorter relaxation times (e.g. Bianchini et al.
2016a, 2017). The clusters will therefore develop tangential
anisotropy due to the preferential stripping of low-mass stars
on radial orbits.

An isotropic velocity distribution is reached for clusters
with relaxation times of trel ' 109 Gyr. This trend is con-
sistent with the recent observational study of Watkins et al.
(2015a), that measured directly the anisotropy of a sample
of 22 GCs using HST proper motions. Note that no dif-
ference in velocity anisotropy is observed between accreted
GCs and GCs that did not undergo an accretion process.

3.1 Velocity anisotropy profiles

In Figure 3, we show the velocity anisotropy profiles for all
our accreted GCs and the corresponding simulations evolved
solely in the MW at three different time snapshots, 2, 6 and
10 Gyr. The values of � are computed in Lagrangian radii
(see Section 3), averaging all the snapshots in a time in-
terval of 0.2 Gyr around the selected time snapshot (e.g.
between 5.9 Gyr and 6.1 Gyr). The inner most point of each
profile correspond to the value of � calculated within the
50% Lagrangian radius. As noted above in Figure 1, ear-
lier snapshots are characterized by radial anisotropy and
become progressively more isotropic and tangential at later
time steps, while the tidal field becomes more effective in
shaping the internal dynamics of the clusters, preferentially
removing stars in radial orbits.

This is consistent with recent studies on the evolution
of velocity anisotropy profiles by Zocchi et al. (2016) and
Tiongco et al. (2016) where the radial anisotropy developed
in the earlier phases of evolution is suppressed, especially
in the outer parts, due to the effect of the tidal field. Note,
however, that the clusters in these previous works only de-
velop isotropic velocity distributions at late time snapshots
and do not develop significant tangential anisotropy. Our
simulations, instead, give rise to a variety of different pro-
files, characterized by isotropy in the inner region and either
radial anisotropy, tangential anisotropy or isotropy in the
intermediate and outer parts, starting from ' r50. Specif-
ically, the origin of the profiles that become progressively
more tangential anisotropic can be understood in term of
the strength of the tidal field that the clusters have experi-
enced and by the fact that the clusters reach a tidally filling
configuration at 10 Gyr (see Table 1). We will show in Sec-
tion 4 that the different values of � at 10 Gyr depend on the
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The flavour of the velocity anisotropy depends o the strength of 
the tidal field and not on the accreted/in-situ origin

8 P. Bianchini et al.

Figure 4. Correlations between the velocity anisotropy at the half-mass radius �50, the filling factor r50/rj , the cumulative strength of
the tidal field and the mass loss, calculated at 10 Gyr for our set of GC simulations. The colour coded is as in Figure 2, with the full
black circles referring to simulations of type "Dwarf Evaporates", while the empty black circles to the ones of type "Dwarf Falls". The
cumulative strength of the tidal field is the main factor driving the evolution of the velocity anisotropy: GCs that have experienced a
stronger tidal field are characterized by stronger tangential velocity anisotropy and a stronger mass loss. These clusters have all reached
a tidally filling configuration characterized by r50/rj >⇠ 0.17 and mass loss > 60%. We observe no differences in velocity anisotropy at the
half-mass radius between clusters that have been accreted and cluster that evolved solely in the MW.

members at the same radial distance, and tidal tails can
affect the properties of a cluster if they are looked at in pro-
jection. Note that all our simulations exhibit tidal tails at a
10 Gyr snapshot.

In Fig. 5, we compare the shape of the velocity
anisotropy profiles of the accreted GCs at 10 kpc and the
anisotropy profiles of the corresponding MW GC, for 10 Gyr
snapshots. The velocity anisotropy profiles now include the
outermost point corresponding to stars beyond the 99% La-
grangian radius. The simulations show a sudden increase
in �, from tangential anisotropy to radial anisotropy in the

very outskirt, indicative of the presence of the tidal tails, for
both the accreted and the MW GCs.3

Given the significance of the increase in anisotropy in
the outskirts, we wish to test whether, from an observa-
tional perspective, this could influence the measured values
of velocity anisotropy while looking at a cluster in projec-
tion. In Fig. 6 we present three projected views of the 10
Gyr snapshot of the simulations DWL-MW10-evap, on the
x-y (projection 1), x-z (projection 2) and z-y (projection 3)
planes, with the x-y plane corresponding to the orbital plane

3 Due to the different cut-off prescription for the simulations of
GCs solely in the MW (as noted in Section 3), the increase in the
outer parts for these simulations is weaker.
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cumulative strength of the tidal field is the main factor driving the evolution of the velocity anisotropy: GCs that have experienced a
stronger tidal field are characterized by stronger tangential velocity anisotropy and a stronger mass loss. These clusters have all reached
a tidally filling configuration characterized by r50/rj >⇠ 0.17 and mass loss > 60%. We observe no differences in velocity anisotropy at the
half-mass radius between clusters that have been accreted and cluster that evolved solely in the MW.

members at the same radial distance, and tidal tails can
affect the properties of a cluster if they are looked at in pro-
jection. Note that all our simulations exhibit tidal tails at a
10 Gyr snapshot.

In Fig. 5, we compare the shape of the velocity
anisotropy profiles of the accreted GCs at 10 kpc and the
anisotropy profiles of the corresponding MW GC, for 10 Gyr
snapshots. The velocity anisotropy profiles now include the
outermost point corresponding to stars beyond the 99% La-
grangian radius. The simulations show a sudden increase
in �, from tangential anisotropy to radial anisotropy in the

very outskirt, indicative of the presence of the tidal tails, for
both the accreted and the MW GCs.3

Given the significance of the increase in anisotropy in
the outskirts, we wish to test whether, from an observa-
tional perspective, this could influence the measured values
of velocity anisotropy while looking at a cluster in projec-
tion. In Fig. 6 we present three projected views of the 10
Gyr snapshot of the simulations DWL-MW10-evap, on the
x-y (projection 1), x-z (projection 2) and z-y (projection 3)
planes, with the x-y plane corresponding to the orbital plane

3 Due to the different cut-off prescription for the simulations of
GCs solely in the MW (as noted in Section 3), the increase in the
outer parts for these simulations is weaker.
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Anisotropy as a fossil record



Characterization of velocity anisotropy in a variety of different 
time-dependent tidal fields: 
- No unique and distinctive signatures for accreted GCs
- at 10 Gyr a variety of anisotropy profiles are recovered:
  isotropic, radial and tangential

isotropy/tangentiality:   r50/rj > 0.17
              trel < 109 Gyr
              mass loss > 60% 

Key for the interpretation of current and upcoming data
(HST proper motions within half-light radius and Gaia proper motions 
for the outer parts)

Anisotropy as a fossil record



Conclusions
energy equipartition

fossil record of accretion
- velocity anisotropy traces formation and evolution
- no signatures of accretion in velocity anisotropy
- GCs as galactic nuclei?

- unveils the dynamical state of a cluster
- provides a tool to detect peculiar dynamical evolution
(e.g. post-core collapse clusters)

mass-to-light ratio
- dynamical evolution & presence of remnants shape the M/L
- fundamental for dynamical modeling



• kinematics: powerful tool to unveil the richness of GCs 
   PROPER MOTIONS provide a revolutionary tool

• synergy between modelling and observations

• think bigger :  

      line-of-sight velocities + HST proper motions + Gaia

Conclusions


